We obtain the general forms for the current density and the vorticity from the integrability conditions of the basic equations which govern the stationary states of axisymmetric magnetized self-gravitating barotropic objects with meridional flows under the ideal MHD approximation. As seen from the stationary condition equations for such bodies, the presence of the meridional flows and that of the poloidal magnetic fields act oppositely on the internal structures.
INTRODUCTORY ANALYSIS AND MOTIVATION

Theoretical treatment of stationary states of axisymmetric magnetized self-gravitating barotropes under the ideal MHD approximation
In this paper, we give new expressions for the current density and the vorticity vector inside the stationary and axisymmetric magnetized self-gravitating barotropes with internal gaseous motions under the ideal magnetohydrodynamics (MHD) approximation. Although stationary states of the magnetized self-gravitating barotropes without internal flows have been investigated in many old papers (e.g., Chandrasekhar & Fermi 1953; Lüst & Schlüter 1954; Ferraro 1954; Gjellestad 1954; Roberts 1955; Chandrasekhar 1956a; Chandrasekhar 1956b; Chandrasekhar & Prendergast 1956; Prendergast 1956; Sykes 1957; Woltjer 1959a; Woltjer 1959b ;
⋆ E-mail: fujisawa@ea.c.u-tokyo.ac.jp Woltjer 1960; Ostriker & Hartwick 1968) and in recent papers (e.g., Tomimura & Eriguchi 2005; Otani et al. 2009; Fujisawa et al. 2012) , the effects of the internal flows on structures of magnetized selfgravitating barotropes have barely studied so far. Dynamic equilibrium equations for stationary states of magnetized self-gravitating bodies with internal flows are given by
where ρ, p, φg, φc, v, ω, c, j, and B are the density, the pressure, the gravitational potential of the gaseous body, the gravitational potential of external objects, the fluid velocity, the vorticity vector, the speed of light, the current density, and the magnetic field, respectively. In this study, the gravitational potential of external objects is assumed to be given by
where Mc, G, and r denote the mass of the central external object, the gravitational constant, and the distance from the central object, respectively. Using the expressions for the current density and the vorticity vector inside the stationary, axisymmetric and infinitely conducting barotropes (for details, see Appendix A), we may simplify the forth term in the right-hand side of Eq. (1) 
where Ψ and Q are the flux and stream functions, respectively (see Eqs. (A1) and (A2)), Ω and ν are arbitrary functions of the given argument, and R and eR are the radial coordinate and base vector for the cylindrical coordinate with respect to the symmetry axis, respectively. We describe the details of these arbitrary functions in Appendix A and Appendix B. Here, vp and vϕ stand for the poloidal velocity and the toroidal velocity, given by 
where µ(Ψ) is an arbitrary function. From Eqs.
(1)-(6), we obtain Bernoulli's equations for the present situation: 
where C is an integration constant. It should be emphasized that these three expressions cannot be united to a single expression as can be understood from Eqs. (3) and (6). Note that in this study, we do not consider the case of Bp = 0 and Bϕ = 0, for which Bernoulli's equations differ from Eq. (7). By comparing Bernoulli's equation for the case of B = 0 and vp = 0 with that for the case of B = 0 and vp = 0, we may expect that the presence of the meridional flows tends to decrease the volume occupied by the fluid. This is because the kinetic energy of the meridional flow contributes to the fluid as positive ram pressures (dynamic pressure), which result in reducing the fluid pressure and consequently decreasing the density of stationary fluid objects. In contrast to the effect of the meridional flow, for magnetized equilibrium configurations with vp = 0 whose magnetic fields are generated by positive toroidal currents, the poloidal magnetic field is apt to expand the fluid region to the direction perpendicular to the symmetry axis like the centrifugal force (see, e.g. old papers Ferraro 1954; Gjellestad 1954; Roberts 1955 In order to show clearly the oppositely working effects of the above mentioned two quantities, meridional flows and poloidal magnetic fields, we will show numerical results of stationary configurations of axisymmetric magnetized self-gravitating toroidal barotropes with meridional flows which locate around central point masses in the framework of Newtonian gravity under the ideal MHD approximation. For toroidal configurations, matter distribution changes in wider space would be expected compared to size changes of spheroidal objects because toroids could change their shapes to two opposite directions, i.e. to the outside direction and to the inside direction of the toroids. Thus we will solve stationary states of axisymmetric magnetized barotropic toroids with meridional flows under the ideal MHD approximation and clarify the oppositely working effects explicitly in this study. Concerning self-gravitating toroidal configurations or disks, we need to take recent results of fully general relativistic (GR) numerical simulations into account. These simulations show that a few-solar-mass black hole and a highly dense toroid whose maximum density can reach 10 10 -10 11 g/cm 3 around the black hole could be formed after merging of binary neutron stars (Shibata & Uryū 2000; Shibata et al. 2003; Kiuchi et al. 2009; Hotokezaka et al. 2011) , after merging of a neutron star and a black hole in binary systems (Shibata & Uryū 2006; Shibata & Uryu 2007; Shibata & Taniguchi 2008; Kyutoku et al. 2010; Kyutoku et al. 2011) or after collapsing of a supermassive rotating star (Shibata 2000; Shibata & Shapiro 2002; Shibata 2003; Sekiguchi & Shibata 2004; Sekiguchi & Shibata 2011) . Therefore, dense toroids and central compact objects could be formed after collapsing or merging of compact objects. Similar kinds of systems with magnetic fields have also been investigated by several groups (e.g. Narayan et al. 2001; Shibata & Sekiguchi 2005; Duez et al. 2006; ). Although, in order to understand the origin and dynamical formation processes of these systems, we must take into account many realistic physics and compute stationary configurations with magnetic fields in GR, nobody has yet succeeded in solving stationary states both with poloidal and toroidal magnetic fields in GR at present. Therefore, we explore such stationary states of axisymmetric magnetized barotropic systems in the framework of Newtonian gravity. Although there were many papers to obtain magnetized stationary states of disks/toroids only with poloidal magnetic fields (e.g. Bisnovatyi-Kogan & Blinnikov 1972; Bisnovatyi-Kogan & Seidov 1985; Baureis et al. 1989; Li & Shu 1996) and disks/toroids only with toroidal magnetic fields inside the disks/toroids (e.g. Okada et al. 1989; Banerjee et al. 1995; Ghanbari & Abbassi 2004) , no solutions both with poloidal and toroidal components of magnetic fields have been obtained yet. This is because it has been difficult to solve the Grad-Shafranov equation as well as the equations of motion consistently by some means. Concerning this type of systems, the most general formulation was derived by Lovelace et al. (1986) systematically. However, Lovelace et al. (1986) computed solutions only with poloidal magnetic fields for non-self-gravitating disks. Recently, Otani et al. (2009) have obtained magnetized selfgravitating equilibrium states both with poloidal and toroidal magnetic fields self-consistently in the framework of Newtonian gravity. Their method is based on Tomimura & Eriguchi (2005) . In this study we have extended the method employed in Otani et al. (2009) to the most general configurations for the stationary states of axisymmetric magnetized barotropic toroids with meridional flows under the ideal MHD approximation and obtained sequences of stationary states. Comparing these results with those of non-magnetized toroids without meridional flows (e.g. Ostriker 1964; Wong 1974) , with those of magnetized toroids without meridional flows (e.g. Otani et al. 2009 ) or with those of non-magnetized toroids with meridional flows (e.g. Eriguchi et al. 1986 ), we will be able to clearly see the effect of the presence of both physical quantities, i.e. meridional flows and magnetic fields as explained in the previous subsection.
BRIEF DESCRIPTION OF THE PROBLEM
In this study, as mentioned, we investigate stationary configurations of axisymmetric magnetized polytropic toroids with internal fluid motions. We consider inviscid and infinitely conductive toroids with equatorial symmetry located around central point masses in the framework of Newtonian gravity. Since a similar problem, but without meridional flows, was already treated by Otani et al. (2009) and our strategy is basically the same as theirs, we briefly summarize the basic equations, boundary conditions, and solving scheme. We describe the details of physical quantities and dimensionless forms in Appendix C and the numerical scheme in Appendix D.
Continuity and pressure balance equations for stationary states are respectively given by
The Poisson equation for φg is ∆φg = 4πGρ .
We make use of the polytropic equation of state
where K0 and N are a constant and the polytropic index, respectively. Maxwell equations for stationary electromagnetic fields are
where E is the electric field, which is determined by the perfect conductivity condition
The magnetic flux function Ψ is, in terms of the azimuthal component of the vector potential Aϕ, defined by
From the azimuthal component of the Maxwell equation (14), we obtain 
where ∆ denotes the Laplacian (see, e.g., Tomimura & Eriguchi 2005 and Otani et al. 2009 ).
Because isolated mass and current densities are considered in this study, boundary conditions at infinity for the gravitational potential φg and the vector potential Aϕ are respectively given by
Solutions for the present problem are obtained by solving the pressure balance equation and the two Poisson equations for φg and Aϕ sin ϕ with the boundary condition (19). In order to impose the boundary condition (19) automatically, in this study, the two Poisson equations (10) and (18) are converted into the two integral equations, given by
Integrating Eq. (9), we obtain Eq. (7). Eqs. (7), (20), and (21) are the master equations for the present problem, which are solved with a variant of the numerical scheme used by Otani et al. (2009) (for details, see Appendix D) . In general, the toroid cannot approach indefinitely to the central object because gravitational effects of the central object can unboundedly increase as the distance from the central object to the toroid decreases and any forces counteracting the gravity cannot stanch the matter flow shedding from the inner edge of the toroid if their distance is shorter than some critical value. In the present numerical scheme to obtain magnetized toroids, the distance from the central object to the inner edge of the toroid (or the width of the toroid) is characterized by a dimensionless parameter q, defined by
where Rinner and Router are the shortest and the longest distances from the symmetry axis to the toroid, respectively. In terms of q, this disappearance property of the equilibrium sates describes as the existence of qc such that there is no stationary solution of the toroid for q < qc. The critical distances are almost independent of the mass ratio of the toroids to the central objects. (iv) The critical distances are much larger than 6GMc/c 2 , the radius of the innermost stable circular orbit for the Schwarzschild black hole with the gravitational mass Mc. This means that making use of Newtonian gravity is reasonable to investigate structures of the toroids considered in Otani et al. (2009) .
NUMERICAL RESULTS
Following Otani et al. (2009), we consider two polytropic indices N = 1.5 and N = 3 only in the present study. As for the arbitrary functions, which need to be specified to obtain particular solutions, we employ the same functional forms as those used in and Otani et al. (2009) except for the toroidal current function µ. For the toroidal current function µ, we choose the same functional form as that used in Fujisawa et al. (2012) in order for the inner edge of the toroid to have stronger magnetic fields. As for the stream function Q ′ , which does not appear in Otani et al. (2009) , a similar functional form to that of the poloidal current function κ is employed. Details of the functional forms of the arbitrary functions are collected in Appendix A2.
As mentioned before, recent numerical simulations performed with numerical relativity show that geometrically thick toroids rotating around black holes form after mergers of neutron star binaries, mergers of black hole-neutron star binaries, or collapses of supermassive rotating stars (e.g. Sekiguchi & Shibata 2011) . Typical values of physical quantities of such black hole-toroid systems are given by Mt = 1.0 × 10
−2 ), and ρc = 1.0 × 10 11 g/cm 3 , where Mt and ρc are the mass and the maximum density of the toroid, respectively. Since these black hole-toroid systems are of large significance in high energy astrophysics, we focus on the models characterized by the mass ratio Mt/Mc = 2.0 × 10 −2 and use these values of the mass of the central object and the maximum density of the toroid to estimate values of other physical quantities with physical dimension, e.g. |B| and Rinner.
To check numerical accuracies of the stationary configurations obtained in this study, we estimate values of a virial relation, which vanishes for exact stationary solutions:
where T, W, Π, and M are the kinetic energy, the gravitational energy, the volume integral of the pressure and the magnetic energy, respectively (for details, see Appendix C). As shown later, all the stationary configurations obtained in this study are within acceptable accuracy (for details, see Appendix E).
Widening of the widths of toroids: Effect of the localized poloidal magnetic fields
The counter effects of the meridional flows against the magnetic forces on structures of magnetized toroids would be clearly seen for toroids with rather widened shapes due to poloidal magnetic fields.
Thus, in this subsection, we will try to compute magnetized toroids with highly localized poloidal magnetic fields because such equilibrium configurations could be toroids with a rather small value of q, i.e. the width of toroids on the equatorial plane being rather wide (see e.g. Fujisawa et al. 2012 ).
To investigate effects of the localized poloidal magnetic fields on the toroid structures, no fluid flow inside the toroid is considered here. Thus, values of the parametersQ0,Ω Since there are no rotation and no meridional flows, the toroids are in stationary states by the balance among the gravitational force of the central object, the Lorentz force and the gas pressure gradient. If there could be very strong poloidal magnetic fields near the central objects, stronger gravitational forces of the central objects could be balanced by the strong magnetic forces near the central objects. For such situations the toroids could be elongated toward the central objects and have wider widths. Fujisawa et al. (2012) showed that the poloidal magnetic field distributions substantially depend on the parameter m in the arbitrary function µ(Ψ) for magnetized stars. In particular, they found that negative values of m result in concentration of the poloidal magnetic fields near the symmetry axis of magnetized stars. Thus, it is expected that we may obtain toroids in which poloidal magnetic fields are concentrated near the inner edge of the toroids by choosing an appropriate value of m.
We show our numerical results for critical configurations of N = 1.5 and N = 3 polytropic sequences in Table 1 and density contours on the meridional cross section of N = 3 polytropes with m = −1.4, m = −0.7, m = −0.1 and m = 0.5 in Fig. 1 . As seen from these table and figure, the critical distance decreases as the value of m decreases. The density distribution of the m = −1.4 toroid is stretched toward the central object because of the strong gravity of the central object. In addition to this, the cusp-like shape at the inner edge of the toroids becomes 'sharper' as the value of m becomes smaller. We find the same tendency for the N = 1.5 polytropes.
The top panel of Fig. 2 shows the structures of the magnetic fields on the meridional plane for the N = 3 critical configurations with m = −1.4 (solid curves) and m = 0.5 (dashed curves). In this figure, the surfaces of the toroids are indicated by the tearshaped closure curves. The structures of the magnetic fields for the model with m = −1.4 are remarkably different from those for the model with m = 0.5. The shapes of the contours of the magnetic flux function for the toroid with m = 0.5 look nearly circle, but those for the toroid with m = −1.4 deform oblately. Moreover, the magnetic field lines are more densely distributed near the inner edge region of the toroid for the toroid with m = −1.4 compared to those for the toroid with m = 0.5. In other words, the magnetic fields are highly localized toward the central object for the toroid with m = −1.4 compared to those of the toroid with m = 0.5.
The panels in the middle left and the bottom left of Fig. 2 show distributions of log 10 |B| on the equatorial plane, and the panels in the middle right and the bottom right of Fig. 2 show values of each term in the right-hand side of the first line of Eq. (7) on the equatorial plane. Note that the horizontal axises of these figures range from Rinner/re(= qc) to Router/re(= 1). As seen from the middle left and the bottom left panels of Fig. 2 , the distributions of the magnetic fields are significantly different for the two equilibrium configurations. The ring of maximum magnetic field strength locates near the inner edge of the toroid for the model with m = −1.4, while it locates near the central region of the merid- that for the toroid with m = 0.5 because the m = −1.4 toroid is located closer to the central object than the m = 0.5 toroid. The magnetic potentials behave very differently for these two equilibrium configurations with different values of m. For the m = 0.5 toroid, the magnetic potential curve has a substantial local minimum at R/re ∼ 0.9. For the m = −1.4 toroid, however, the magnetic potential curve is shallower and extends within a broader region and its slope is steepest near the inner edge of the toroid. As a result, the strong magnetic fields can exist near the inner edge region of the toroid and their magnetic force supports the toroid against the gravitational force of the central compact object. In this way, the m = −1.4 toroid can be in a stationary state even if the gravitational potential becomes much steeper as approaching to the central object.
Effects of the meridional flows on the magnetized configurations
Basic features of magnetized configurations with meridional flows
Concerning the parameters which appear in the arbitrary functions, to examine effects of the meridional flow on toroid structures, the following values are chosen in this subsection:κ0 = 0.5, α = −0.5, d = 0.1, m = 0 andΩ 2 0 = 1.0 × 10 −5 . Note that smaller values ofκ0 result in more rapid meridional flows and that this small value ofΩ0 gives equilibrium configurations with almost no rotation. Parameters for the rotation law are the same as those in .
The left panel of Fig. 3 shows contours of the flux function Ψ on the meridional plane for the critical configuration of an N = 1.5 polytrope with meridional flows. Direction of the fluid velocity on the meridional cross section in the critical configuration is shown in the right panel of Fig. 3 . Here, the lengths of the vectors are not proportional to the absolute values of the fluid velocities. Note that the region where the meridional flows are present is only a part of the meridional cross section of the toroid because a particular functional form forQ ′ (Ψ) is used to avoid singular behaviors of the meridional flow near the toroid surface (see Appendix A2). The bottom panel of Fig. 3 displays the velocity distributions normalized by the local Kepler velocity, on the equatorial plane. The solid and dashed curves denote the absolute value of the meridional velocity and the rotational velocity, respectively. As seen from this panel, the rotational velocity is sub-Keplarian, because our rotational parameterΩ0 is assumed to be small in this paper. On the other hand, the meridional velocity is slightly faster than the rotational velocity in this parameter region (Q0 = 20).
As shown in Figs. 2 and 3 (see, also, Table 2 given later), general structures of the toroids and their magnetic fields do not change significantly even when the fluid flows exist on the meridional plane. As argued later, however, the presence of the meridional flows changes the density distributions of the toroids slightly and increases the critical distance a little bit.
Critical distances for magnetized toroids with meridional flows
In order to study the influence of the meridional flows on the critical distances, we calculate two polytropic sequences (N = 1.5, N = 3) by changing the value ofQ0 for the m = 0 toroidal current function. We fix the other parameters asκ0 = 0.5, α = −0.5, d = 0.1, andΩ 2 0 = 1.0 × 10 −5 in this subsection. Physical quantities for several models belonging to the two polytropic sequences are tabulated in Table 2 . Here, Tp denotes the kinetic energy of the meridional flow.
As seen from this table, the energy ratio Tp/|W | is much smaller than that of M/|W |, thus, the kinetic energy of the meridional flow is much smaller than the magnetic energy for the models obtained in the present study. This means that the magnetic forces mainly support the toroids against the gravitational forces of the central objects even when the meridional flow becomes stronger in the present parameter space. The meridional flow cannot change global structures of the toroids and their magnetic fields significantly. However, the energy ratio Tp/|W | reaches ∼ 1.0 × 10 −3 whenQ0 > 40 (N = 1.5) andQ0 = 40 (N = 3). In fact, the critical distance qc increases asQ0 increases as shown in Table 2. This implies that the toroids tend to shed their mass when the meridional flow becomes stronger. In some sense, therefore, the influence of the meridional flow on the density distribution of the toroids should not be considered to be small. The rotational velocities of these models are also sub-Keplarian. The typical value is about 2 % of the Kepler velocity which is similar to that given in Fig.3 . On the other hand, the meridional flow velocity is about several times as large as the rotational velocity. The maximum velocity of the meridional flow for theQ0 = 80 model reaches about 10 times as large as that of the rotational velocity.
In order to clarify the effects of the meridional flows, let us investigate the density distributions of toroids and the profiles of potential terms on the equatorial planes for the N = 1.5 toroids with and without meridional flows. Fig. 4 shows the density contours on the meridional plane (top left and middle left) and the profiles of the potentials on the equator (top right and middle right). Bottom panels of Fig. 4 show the profiles of the density on the equator (left) and the velocity potential term, 2 | −RvϕΩ (solid curve), −Mc/4πr (thick dashed curve),φg (thin dashed curve) and − μdΨ −Ĉ (doted curve). As seen from these profiles, in both the models, the gravitational potentials of the toroid make a tiny contribution to the equilibrium solutions and the balance between the term − μdΨ − C and the gravitational potential of the central object mainly determines the stationary states of the toroid. Taking a detailed look at the middle right panel of Fig. 4 , we observe that the potential terms due to the meridional flow and rotation (solid curve) show their maximum value near the radius of R/re = 0.95 for the N = 1.5 models withQ0 = 80.0. This very tiny protuberance is considered to appear due to the presence of the meridional flows because as shown in Table 2 , the kinetic energy due to rotation is negligible small. More detailed structures of the velocity potential terms can be seen by enlarging these tiny protuberances. The bottom right panel of Fig. 4 shows the profiles of 1 2 |v 2 | −RvϕΩ on the equator for N = 1.5 polytopes withQ0 = 20 (solid curve),Q0 = 40 (dashed curve) andQ0 = 80 (dotted curve). These profiles have double peaks which locate atR ∼ 0.85 andR ∼ 0.92. These double peaks appear from the balance of the density distributions of the toroids and the meridional flows. As we have described in Sec. 1, the presence of the poloidal velocity fields results in reducing the density of toroids (see Eq. (7)). For our numerical examples, the presence of the poloidal velocity fields decreases the density on the equatorial plane around radii ofR ∼ 0.85 andR ∼ 0.92, which can be observed in the bottom two panels of Fig.4 (more detailed considerations are given below).
The top left and middle left panels of Fig. 4 show the density Fig.4 displays the density profiles on the equator for each toroid. The dotted and solid curves denote the density profiles for the models withQ0 = 0.0 andQ0 = 80, respectively. As seen form this panel, the meridional flows shift the place where the density takes its maximum value outward and make the density gradient aroundR ∼ 0.92 steeper. This is due to the double peak structure of the velocity potential profiles. The inner peak of this potential affects to decrease the density aroundR ∼ 0.85 where the density takes the maximum value if there is no meridional flow. On the other hand, the outer peak of this potential also leads to decrease in the density aroundR ∼ 0.92. Since the density decreases aroundR ∼ 0.85 andR ∼ 0.92 by the presence of the meridional flows, the place where the density becomes maximum moves outward and the density gradient becomes steeper if the toroids have rapid meridional flows (Q0 = 80 model). These effects result in decreasing the critical distances. Next, we deal with the influence of the equation of state on the critical distance. As we have seen in Table 2 , the critical distances of the N = 3 toroids are larger than those of the N = 1.5 toroids. The same tendency in the equilibrium configurations without meridional flows found in Otani et al. (2009) . This is because that the mass shedding from the inner edge of the toroids is more likely to occur for softer equations of state.
Effects of meridional flows on equilibrium configurations with highly localized poloidal magnetic fields
Finally, we unveil the effects of the meridional flows on structures of the toroid having highly localized poloidal magnetic fields. We consider the N = 1.5 toroid models only in this subsection because basic properties are independent of the equation of state. As we have exhibited in numerical examples so far, values of qc decrease as values of m decrease, while they increase as values ofQ0(> 0) increase. In other words, the poloidal magnetic fields generated by positive toroidal currents are apt to expand the toroids to the directions normal to the equi-flux function surfaces in particular when the magnetic fields are highly localized around the inner edge of the toroids and the meridional flows act as an agent for shrinking the region where the fluid matter occupies. In order to quantify the influence of the highly localized magnetic fields and the meridional flows on the critical distance, we introduce a quantity ∆q c (Q1, m1; Q2, m2), defined by
where qc(Q0, m0) is the critical distance of the equilibrium sequence of the toroid characterized by N = 1.5, Mt/Mc = 2.0 × 10 −2 ,Q = Q0, and m = m0. Positive (Negative) values of ∆q c mean that the critical distance for the sequence with (Q1, m1) increases (decreases) or its width of the toroid decreases (increases) compared to that with (Q2, m2). In the left and right panels of the Thus, the maximum value of ∆q c would be 0.05 when the meridional flows exist. This means that the influence of the meridional flows on the critical distances is much smaller than that of the highly localized magnetic fields, but it is certainly true that the meridional flows work as an increasing factor for the critical distances. We also find that the effects of the poloidal magnetic fields and the meridional flows may nearly cancel out for the toroids characterized by Tp/|W | ∼ 0.005 and m = −0.2. For this model, the critical distance or the width of the toroids is similar to that of the model with Tp/|W | = 0 and m = 0. As expected in Sec. 1.1, thus, we confirm that the oppositely working effects of the highly localized magnetic fields and the meridional flows result in nearly no change in the critical distance for some particular toroid model.
DISCUSSION AND CONCLUDING REMARKS
Strength of the magnetic fields inside the toroids
As shown in the middle left and bottom left panels of Fig. 2 , for some particular set of the parameters, the toroids in the critical states have very strong magnetic fields and their strength are about 10 15 G if we take Mc = 5.0M⊙ and ρc = 1.0 × 10 11 g/cm 3 . Fig. 7 shows the magnetic energy of the toroids as functions of m. Here, the magnetic energy is normalized by that of the m = 0.0 and N = 3 model. From this figure, it is found that the magnetic energy becomes larger as the value of m decreases. The magnetic energies of the m = −1.4 models are nearly three times larger than that of the m = 0.0 and N = 3 model. Therefore, we conclude that larger magnetic energy can be sustained in the toroids whose magnetic fields are highly localized around the inner edge of the toroids and which locate closer to the central compact object.
Critical distances for magnetized toroids with meridional flows and highly localized magnetic fields
Assuming the toroidal current function µ to be constant (m = 0), Otani et al. (2009) showed that there appears a critical distance in the self-gravitating toroids with the magnetic fields and that the critical distances are much larger than the radii of the inner-most 
If Mc = 5.0M⊙, which is the fiducial value in this study, rISCO ∼ 4.43 × 10 6 cm. For the N = 3 models with m = 0.0 and m = −1.4, using results given in Table 1 , we respectively obtain rin = q × re ∼ 2.30 × 10 7 cm > rISCO ,
and rin = q × re ∼ 1.08 × 10 6 cm rISCO .
Therefore, the critical distance can be the same order or even smaller than the radius of the ISCO in this parameter space. Since this study is done within the framework of Newtonian gravity, the quantitative evaluation is not correct if rin = O(rISCO), while the results given in the present study are reasonable as long as rin ≫ rISCO. We need to use general relativity for the toroids with rin = O(rISCO). However, this is beyond the scope of the present study as mentioned before.
Concluding remarks
In this paper, we have investigated and calculated the stationary states of magnetized self-gravitating toroids with meridional flows and various kinds of the magnetic fields around central compact objects. As a result, we have obtained the toroids with strong meridional flows and with strong poloidal magnetic fields. Our findings and conjectures are summarized as follows.
(i) Choosing the functional forms of arbitrary functions, we can change the strengths of the meridional flows. The critical distances for stationary toroids with meridional flows become larger than those for stationary toroids without meridional flows. In addition to this, the distances increase as the strengths of meridional flows becomes larger. This is what we have discussed in Sec. 1, i.e. the effects of the meridional flows and the magnetic fields are oppositely working.
(ii) Changing the value of the parameter m in the certain choice of the arbitrary function µ, we can change the distributions of the poloidal magnetic fields inside the toroids. In particular, the critical distances could be smaller as the value of m is decreased. If we adopt Mc = 5.0M⊙ and the maximum density of the toroid to be ρmax = 1.0 × 10 11 g/cm 3 , the critical distance for the m = −1.4 toroids becomes the same order as that of the ISCO of the Schwarzschild black hole with mass Mc. For such toroids, a general relativistic treatment is necessary for their correct description.
(iii) The magnetic energy for the critical configuration could increase as the value of m is decreased. The magnetic energy for the critical configuration with m = −1.4 is about three times larger than that for the m = 0.5 critical configuration.
(iv) By obtaining stationary configurations of axisymmetric magnetized self-gravitating polytropic toroid with meridional flows under the ideal MHD approximation, we have shown that the effects of the meridional flows would work oppositely to those of the poloidal magnetic fields. In other words, the oppositely working effects can be easily understood if we consider that the dense magnetic field lines expand the gaseous configurations due to the repulsive nature of the magnetic field lines and that the presence of the meridional flows works as lowering the gas pressure due to the appearance of the ram pressure as seen from the stationary condition equation.
where, κ0, k, Q0, ǫQ, Ω0, d, µ0, ǫ, α, and m are constant parameters and Ψmax denotes the maximum value of Ψ in the vacuum region. This choice of κ is the same as that employed in Tomimura & Eriguchi (2005) , , , and Otani et al. (2009) . We introduce the parameter ǫQ in Eq. (A9) and set ǫQ = 1.1 in order to restrict the region where meridional flows exist well inside the surface of the toroid. Choosing these functional forms, we can avoid singular behavior of the solutions which could appear on the surface of the toroid.
APPENDIX B: STREAM FUNCTION BASED FORMULATION: VORTICITY FORMULA
So far, we consider the situations in which the poloidal magnetic fields exist everywhere except in vacuum region. For such situations, as already shown, the flux function Ψ can be a principal variable by which all the magnetohydrodynamical quantities are determined. If we assume that the poloidal velocity fields exist everywhere inside the fluid region, the same problem as that treated in this study may be formulated by considering the stream function Q as a principal variable, which is named "the stream function based formulation". For this formulation, the magnetic flux function is given by a function of the stream function,
where re and pmax denote the equatorial radius of the outer edge of the toroid and the maximum pressure pmax, respectively. As for the global quantities,
Here, β appearing in Eq. (C8) is introduced so as to make the distance from the symmetry axis to the outer edge of the toroid to be unity (orr = 1) during numerical iterations (see, e.g., Otani et al. (2009) ). Thus, values of β are obtained after converged solutions are obtained. Increasing β results in decrease in re and decreasing β results in increase in re. Using the dimensionless quantities defined above, we obtain the dimensionless form of the right-hand side of Eq. (7), 1 4πGr 2 e ρc dp ρ
We integrate the left side of this equation by using polytrope relation as follows: 1 4πGr 2 e ρc dp ρ
Then, we obtain the dimensionless form of Bernoulli's equation as follows:
We have used this dimensionless forms in actual numerical computations.
APPENDIX D: NUMERICAL METHOD
In our numerical studies, the generalized iteration scheme known as Hachisu's Self-Consistent-Field (HSCF) method (Hachisu 1986 ) is adopted in order to solve the system of non-linear partial differential equations for equilibrium configurations of magnetized toroids. In this generalized HSCF method, the density, the gravitational potential and the vector potential are discretized on grid points (ri, θj ) Figure D1 . Three points used in the HSCF scheme.
and non-linear algebraic equations for these discretized physical quantities are iteratively solved (Tomimura & Eriguchi 2005) . We start our computation by assuming initial guesses for the discretized mass density and flux function. Using a trial density and a flux function distribution, the dimensionless gravitational potentialφg and the vector potentialÂϕ are respectively computed through the integrations, which are equivalent to Eqs. (20) and (21),
Aϕ(r, θ) = 4π
f2n(r,r ′ ) = r ′2n /r 2n+1 , (r ≥r ′ ), r 2n /r ′2n+1 , (r ≤r ′ ).
Here Pn(cos θ) are the Legendre polynomials of degree n and P 1 n (cos θ) are the associated Legendre functions of order one. In the actual computations, we take nmax = 40 typically. We use Eq. (A7) to obtain the distribution ofĵϕ. After these integrals, we calculate the distribution of the flux function using the relation of Eq. (16). Although there are many constant parameters in our formulation, three constants, the length scale factor β, the integration constantĈ, and the strength of the toroidal currentμ0 are especial in the sense that they cannot be specified before converged solutions are obtained. These three constants are determined by imposing the following three conditions given at three special grid points and therefore change their values during the iteration procedures. Fig.  D1 shows a schematic image of our scheme. At the inner surface (point Q), i.e. atr = q and θ = π/2, and at the outer surface (point P), i.e. atr = 1 and θ = π/2, the density must vanish. At the point where the density takes its maximum value (point C), i.e. at a point ofr =rmax and θ = θmax, the dimensionless density must be unity. From Bernoulli's equation (C28) 
Solving these equations, we obtain three constants β,Ĉ andμ0. Using the three constants, gravitational potential and flux function obtained newly, we solve Bernoulli's equation in terms of the matter density as follows:
(v 2 r +v 2 θ +v 2 ϕ ) +μ
The newly obtained density and other quantities are used as a new guess for the next potentials in the iteration cycle. We carry out this iteration procedure until the relative changes of all physical quantities between two iteration cycles becomes less than some prescribed small number, e.g., 10 −4 .
APPENDIX E: NUMERICAL ACCURACY CHECK
In order to check the convergence and the accuracy of the obtained stationary solutions, we use a virial relation,
This relation is satisfied for the exact stationary solutions. Numerical solutions, however, have numerical errors. Thus, in general, the right-hand side of Eq. (E1) does not vanish although its value should be sufficiently small. In order to quantify numerical errors contained in the numerical solutions obtained, we evaluate a virial relation, defined by
VC is an estimate of the numerical errors and has been used in many papers (e.g., Hachisu 1986; Tomimura & Eriguchi 2005; Lander & Jones 2009; Otani et al. 2009; Fujisawa et al. 2012) . If a value of VC is less than 10 −4 -10 −5 , the solution is considered to be sufficiently accurate. We have checked the convergence of VC by changing the gird number in ther direction, Nr, to test our numerical code in which we have used the spherical coordinates. As for the grid number in the θ direction, N θ , we fix it as N θ = 129 during the test computations. Since we assume equatorial symmetry and the gravitational potential of the central object has a singularity atr = 0, we consider the region defined byr ∈ [1.0 × 10 −2 : 4.0] and θ ∈ [0 : π/2] as our computational space. In order to resolve structures of the toroid properly, we use non-uniformly distributed grid points used in Fujisawa et al. 2012) . We compute equilibrium configurations with q = 0.6, Mt/Mc = 2.0 × 10 −2 , m = 0,κ0 = 4.5,Q0 = 0.0,Ω0 = 0.0 (no rotation) for several different values of Nr. Fig. E1 shows values of log VC against values of log Nr. In this figure, we observe that as the grid number in the r-direction is increased, the value of VC becomes smaller as
This behavior of VC is quite reasonable and proper because we use the numerical scheme with the second-order accuracy formula for numerical derivatives and Simpson's integration formula. If Nr = 513 (log Nr ∼ 2.710), the value of VC is ∼ 10 −5 (log VC = −4.58). In the present study, we choose the grid number as Nr = 513 and N θ = 513 because this grid number is sufficiently large to obtain numerical solutions with acceptable accuracy as shown before. This paper has been typeset from a T E X/ L A T E X file prepared by the author. 
